We study two distinct θ-exact Seiberg-Witten (SW) map expansions, (I) and (II) respectively, up to e 3 order for the gauge parameter, gauge field and the gauge field strengths of the noncommutative U⋆(1) gauge theory on the Moyal space. We derive explicitly the closed form expression for the SW map ambiguity between the two and observe the emergence of several new totally commutative generalized star products. We also identify the additional gauge freedoms within each of the e 3 order field strength expansions and define corresponding sets of deformation/ratio/weight parameters, (κ, κi) and (κ, κ ′ i ), for these two SW maps respectively.
I. INTRODUCTION
The θ-exact Seiberg-Witten (SW) map is an old and new subject in the noncommutative (NC) gauge field theory (NCGFT) on the Moyal space. Some results emerged immediately after the map itself [1] was discovered . Applications to the perturbative noncommutative quantum field theories (NCQFT) started several years later. Till now it has been shown to be of great value for developing nontrivial variants of the NCQFT from both theoretical and phenomenological perspectives [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] . Yet most of them are restricted to the first/e 2 order of the θ-exact expansion only due to the complicatedness of (obtaining) the second/e 3 order expansion. 1 Recently a systematic construction of the θ-exact SW map expansion with respect to the powers of coupling constant e for abitrary gauge field theories on Moyal space was proposed in [44] . (See also [45] for its latest hybrid SW map extension.) This could trigger many further applications in the near future.
The main aim of this paper is to continue the aforementioned important progress on the θ-exact SW map expansion [44] . Here we focus on two topics: First, the e 3 order SW map expansion for U ⋆ (1) gauge field obtained via the method in [44] (denoted as SW map (I)) appears to be different from the early results [7, 34] (SW map (II)), which is not really surprising since it is long recognized that SW map is far from unique when defined as the map between noncommutative and commutative fields that preserves the smooth commutative limit and satisfies the consistency condition relations [12-16, 22, 23, 46 ]:
The Moyal star(⋆)-product used in the above is defined as usual. Besides possible connection by gauge transformation, there can be plenty of generic ambiguity/freedom/redundancy between two different gauge field SW maps. Still it gives rise to the question to which extent exactly are the two maps (I) and (II) different from each other. The ambiguity between the NC gauge field expansions can be characterized by looking at the composition of the first SW map expansion {Λ 1 (a µ , λ), A 1µ (a µ )...} and by the inverse {λ 2 (A µ , Λ), a 2µ (A µ )...} of the second SW map expansion {Λ 2 (a µ , λ), A 2µ (a µ )...} [23] . Consistency conditions then lead to the following equality in the case of the NC U ⋆ (1) gauge theory
It was further pointed out [22, 23] that such composition bears the following general form
where δ λ X µ (a µ ) = 0. Thus, the procedure to thoroughly distinguish these two SW maps would be to determine X µ (a µ ) and Y (a µ ) explicitly. Second, a large class of SW map ambiguities (field redefinitions) was constructed in the past by iteratively adding commutative gauge covariant terms with free coefficients at the n-th power of θ µν to the known solution A θ n µ up to the same order [29, 46] . It is found that such redefinitions contribute to the field strength in the action which can help to cancel certain divergences in the perturbative quantum loop computations [32, [47] [48] [49] [50] [51] . These findings made such method highly favorable in the θ-expanded studies, yet it remains an open question how to generalize this procedure to the θ-exact approach since the iteration is based solely on the powers of θ ij and consequently gives no hint about how to re-sum over all orders of θ. Recently we observe that the e 2 order θ-exact expansion of the field strength for U ⋆ (1) gauge theory possesses a freedom by itself [52] : It contains a term invariant under the commutative gauge transformation. For this reason this term does not contribute to the consistency relation at e 2 order. One can then freely vary the ratio of this term with respect to the other term. The resulting deformed field strength operator still allows the usual quadratic action to be gauge invariant up to e 2 order. The e 2 order ratio coefficient can be shown to be the inverse of the θ 1 -order iteration induced coefficient reported in the early works. This fact motivates us to consider such ratio parameter(s) a possible substitute for the iteration induced coefficient(s) in the θ-exact approach.
In this article we study both topics mentioned above at the e 3 order. We first compare, up to the cubic order of the coupling constant e, two distinct θ-exact Seiberg-Witten map expansions for the NC U ⋆ (1) gauge theory: One obtained from Seiberg-Witten differential equation (I), and the other by inverting an early θ-exact inverted SW map solution (II). We give a closed form expression for the SW map ambiguity between these two maps and show that this ambiguity/freedom could contribute to the field strength. We then extend the procedure in [52] to each of the e 3 order field strength SW map expansion, identify the gauge invariant parts inside each of the expansions and assign the corresponding ratio parameters. With the help from the new generalized star products found when studying the gauge field ambiguity, we are able to explicitly express each of the gauge invariant parts in terms of the commutative field strength too.
The paper is structured as follows: In the second section we describe both θ-exact Seiberg-Witten map expansion solutions up to the e 3 order. The SW map ambiguity between these two SW maps is given explicitly in Section III, where we also demonstrate the emergence of several new totally commutative generalized star products within the expressions. Section IV is devoted to the freedoms within each of the e 3 order θ-exact gauge field strength expansions respectively. Discussions and conclusions then follow. In this article the capital letters denote noncommutative objects, and the small letters denote commutative objects. The first powerful method (I) to obtain θ-exact SW map expansion for noncommutative gauge theories on Moyal space is by solving the SW differential equations [1, 14-16, 22, 23, 44, 45] . For the NC gauge parameter (Λ), the NC gauge field (A µ ), and the NC gauge field strength (F µν ) of the U ⋆ (1) gauge theory, these equations read
where the Moyal ⋆-product with an additional parameter t is defined as:
Note that in the rest of the article this parameter t will be absorbed into the definition of θ ij when not needed. The noncommutative covariant derivative is defined in the following way
The generalized star products ⋆ 2 , ⋆ 3 and ⋆ 3 ′ are connected with star commutators by the following relations
Here we see that there are extra derivatives in the generalized star product formula for the star commutators, which provides the opportunity to "integral over" the infinitesimal transformation ∂ i λ → a i . Note also the difference between ⋆ 3 and ⋆ 3 ′ products:
] structure, which takes place in the infinitesimal commutative gauge transformation of the SW map expansion of the NC U ⋆ (1) gauge field in terms of commutative U(1) gauge field; while
] which is typical in the the inverse SW map expansion of the commutative U(1) gauge field in terms of the NC U ⋆ (1) gauge field [7] .
III. THE θ-EXACT SEIBERG-WITTEN MAP AMBIGUITY AT THE e 3 ORDER
The two e 3 order Seiberg-Witten map expansions presented in the last section look quite different although they bear similarity to the certain degree: They both start at the order θ 2 and bear similar tensor structure. It is not hard to show that they are indeed not equal to each other by, for example, inspecting the θ 2 and θ 4 order expansions of each solution. Therefore certain ambiguity structure should exist between those two solutions. In this section we compare these two θ-exact SW maps up to the e 3 order given in section II in detail. Following the arguments in [22, 23] , we consider the composition of one of the SW map and the inverse of the other. Now, since SW map (II) were derived from a θ-exact inverse SW map expansion in [7] , we choose the original inverse map of (II) for the ambiguity analysis outlined in the introduction. This inverse SW map expansion is as follows
Now expanding the compositions λ (II) A µ (I) (a µ ), Λ (I) (a µ , λ) and a µ (II) A µ (I) (a µ ) up to the e 3 order, we find
Note that the e 2 order vanishes as expected. Equations (5) and (6) in the introduction then indicate that the (I) minus (II) differences at the e 3 order should bear following expressions:
In order to find solution for the explicit forms of X µ (x) into a momentum space quantityÃ
Then from equations (17) to (20) we read out the coefficients M i s for the SW maps (I) and (II) respectively:
and
The functions f ⋆2 (a), f ⋆3 (a, b, c), and f ⋆ 3 ′ (a, b, c) are defined as below:
From equations (31) and (32) we observe that under the permutation q ↔ k: 
with the rest of the gauge field A ′e 3 µ (I,II) (x) bearing the following form in the momentum space:
The above gauge parameters Ξ e 3 (I,II) (x) have been found explicitly for both cases, the (I) and the (II),
respectively. It also turns out that the coefficients M
satisfy:
Meanwhile, the p ↔ q permutation symmetry of the (ã(p)θk)(ã(q)θk) term, leads to M
which further simplifies (38) . Finishing all above transformations we now examine the remaining difference
with functions f 1 (a, b, c) and f 2 (a, b, c; n) having relatively complicated structures
One can immediately observe that functions f 1 and f 2 are both completely symmetric under any permutation over a,b,c. This enables us to express the relevant part W µ (x) of the difference between two θ-exact SW maps (I) and (II) via two new generalized entirely symmetric 3-products ⋄ 1 and ⋄ 2 (n):
After reformulating the inverse fourier transformation of (43) in terms of ⋄ 1 and ⋄ 2(0) products and some lengthy rearrangement of the fields and (the rest of) the indices we find following expression for W µ (x) in terms of ⋄ 1 and ⋄ 2(0) 3-products:
Note that both f 1 (a, b, c) and f 2 (a, b, c, n) have smooth θ → 0 limit as expected. Consequently W µ (x) will end at the θ 6 order if we expand 3-products ⋄ 1 and ⋄ 2(0) to their lowest order only. Finally, we add
(II) (x) back to the W µ (x) and obtain explicit solutions to the equations (29):
The simple structure for the ambiguity between two gauge field SW maps at the e 3 order (29) leads to the following result for the gauge field strength difference/comparison 
Clearly the Y e 3 (x) related terms drop out, leaving (52) containing only the U(1) gauge field strengths.
IV. THE θ-EXACT GAUGE FIELD STRENGTH UP TO THE e 3 ORDER
In the last sections we examined the SW map ambiguities between two known gauge field expansions. This section focus on another type of freedom within each of the two field strength SW map expansions. Our motivation is to find certain θ-exact alternative of the earlier θ-iterative freedom parameters. In past majority of the studies on SW map ambiguities follows the θ-iterative field redefinition procedure in [29, 46] . At θ 1 order this procedure introduces the following correction to the gauge field expansion [32] 
which then gives the following gauge field strength correction,
and consequently modifies the action into
To find a θ-exact alternative of (55) we first study the e 2 order field strength SW map expansion. Gauge field expansions A µ (I) (x) and A µ (II) (x), from (18) and (20) respectively, lead to the same noncommutative U ⋆ (1) gauge field strength expansion up to the e 2 order
On the other hand, at the e 2 order, the general consistency condition for the gauge field strength
Examining the gauge field strength (56) we find that the variation of the first term at e 2 order, e 2 θ ij f µi ⋆ 2 f νj , vanishes, therefore the consistency condition (58) is fulfilled solely through the second term −e 2 θ ij a i ⋆ 2 ∂ j f µν as
thanking to the relation between the ⋆ 2 -product and the ⋆-commutator (22) . This observation promotes us to put an arbitrary parameter κ in front of the term e 2 θ ij f µi ⋆ 2 f νj in equation (56) since this does not break the e 2 order consistency condition (58). Such a procedure leads to the κ-deformed gauge field strength up to the e 2 order
Restriction of the F µν (x) κ to the θ 1 order gives
Also the deformed action at the θ 1 order reads
Here we see that the b correction (54) to the gauge field strength does not match the κ correction in (61). However the b and κ corrections are instead connected by the (inter-)actions since the κ and/or a = 1 + b present the ratio between two gauge invariant terms in an inverted fashion. For this reason we consider κ deformation as a possible substitute for the b (a in literatures) modification in the θ-exact approach.
To extend the κ deformation to e 3 order we must handle the effect of κ in the e 3 order consistency relation as well as the identification of possible new gauge invariant terms. This can be done by solving the consistency relation
We start by observing that both SW maps in section II satisfy the e 3 order consistency relation (63) when κ = 1, i.e. without the κ-deformation; then identify, within the undeformed noncommutative field strength F µν (I,II) (x), those terms relevant to the to-be-deformed term iθ ij [λ ⋆ , f µi ⋆ 2 f νj ] and make them κ-proportional. We also search for possible κ-unrelated freedom/ambiguity in the undeformed noncommutative field strength.
A. Gauge field strength from the Seiberg-Witten map (I)
The easiest way to determine the gauge field strength corresponding to the gauge field A µ (I) (x) is by solving directly the Seiberg-Witten differential equation for the gauge field strength [ 
which, at the e 3 order yields
Here we notice facts. First is that among all above terms in the equation (65), the first two in the first line are manifestly invariant under the commutative gauge transformation and antisymmetric under the µ ↔ ν permutation, therefore could be a subject to the free variation, i.e. associated with new deformation (weight) parameter κ 1 .
Next considering the next three terms in the first line of (65), with the help of (24) we find out that the sum of these three terms together satisfy the following transformation property
Thus, the second fact is that they are relevant subject for the κ-deformation at the e 3 order. These two facts lead us to an extended (κ, κ 1 )-deformation of the field strength (65):
B. Gauge field strength from the Seiberg-Witten map (II)
Next we consider the e 3 order θ-exact gauge field strength from A µ (II) (x), which can be expressed as below
Using the basic relation (23) we can show that the infinitesimal commutative gauge transformation of the parentheses in the second line of (68)
vanishes. One can further turn this parentheses into a manifestly gauge invariant form with the help of the 3-products ⋄ 2(n) :
therefore we conclude that that the first two lines in (68) do not contribute to δ λ F e 3 µν . Among the rest of the terms, we notice that the first one is compatible with the ⋆ 2 -commutator, since:
Thus, this term alone gives the formal NC transformation of the fully commutative gauge field strength term θ ij f µi ⋆ 2 f νj at e 3 order. Therefore multiplying equation (71) by the κ parameter ensures the compatibility at the e 3 order.
It is also straightforward to notice that two more additional free variation could be performed on F 
Inspired by the form of (72), we add and subtract a i ⋆ 2 ∂ j (f µk ⋆ 2 f νl ) in (65), then assign κ to the a i ⋆ 2 ∂ j (f µk ⋆ 2 f νl ) term, and assign new parameter κ 2 to the sum of the terms ([f νl a i ∂ j f µk ]
). This way (67) is generalized into essentially the same form as the equation (72). This leads to 
Note that the κ 2 proportional part can be expressed as follows using diamond ⋄ 1 and ⋄ 2(0,1) products,
Using (44) one can show that difference between first two terms in (65) and the first line in (68) becomes
Consequently the difference between equations (73) and (72) in the case without κ, κ i and κ ′ i -deformations, that is for κ = κ i=1,2 = κ ′ i=1,2 = 1, gives exactly equation (52) 2 , proving consistency of our computations as it should.
non-uniqueness can be understood as a local gauge freedom in this context [6, 12] , which may help to understand the background (in-)dependence of the string theory. It would be delightful to see any progress alone this line in the near future.
